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1. Introduction
The behaviour of light hadrons at nonzero temperature and baryon density is an important
open question in QCD and is highly relevant for the experimental heavy-ion programme and the
structure of neutron stars. Lattice QCD is directly applicable at nonzero temperature but vanishing
density – see e.g. Refs. [1, 2] for a study of hyperons at finite temperature – however at nonzero
baryon chemical potential the sign problem [3] prohibits a direct application of standard Monte
Carlo methods. One of the many indirect approaches available is to expand observables in a Taylor
series in µ/T and compute the Taylor coefficients at µ = 0. This may give quantitative results for
small µ/T , provided the expansion converges and the higher-order terms, which are typically very
noisy, can be evaluated precisely. This approach has been applied with great success to properties
of the thermal crossover and bulk thermodynamic quantities, see e.g. the classic papers [4–6] and
the review [7]. Here we are interested in hadrons at small but nonzero chemical potential, for which
much less is known, with the notable exception of the pioneering paper [8].
2. Taylor expansion of mesonic correlators
We consider mesonic correlators of the form
GH(x) =
〈
JH(x)J
†
H(0)
〉
, (2.1)
where JH = ψ¯ΓHψ is a meson operator in the isotriplet channel H, with ΓH the appropriate com-
bination of γ matrices (we follow the notation of Ref. [9]), and the brackets indicate a thermal
average. Where possible, we drop the H subscript below. After integrating out the quark fields, the
correlator can be written as
G(x) =
〈〈g(x)detM〉〉
〈〈detM〉〉 ≡ 〈g(x)〉 , (2.2)
where the double brackets indicate the expectation value with respect to the gluonic fields only,
detM is the determinant of the fermion matrix M, and
g(x) = tr
[
S(x)ΓS(−x)Γ†
]
(2.3)
are the contracted quark propagators. Dependence on the chemical potential arises from both the
fermion determinant and the quark propagators. We consider QCD with N f = 2+1 flavours with
degenerate u and d quarks. Chemical potentials are assumed as µu = µd ≡ µ (µ here and below
denotes the quark chemical potential) and µs = 0, which partially simplifies the expressions.
Following Ref. [8], we expand the correlator to O
(
(µ/T )2
)
, i.e.,
G(x) = G(x)
∣∣∣
µ=0
+
µ
T
TG′(x)
∣∣∣
µ=0
+
1
2
(µ
T
)2
T 2G′′(x)
∣∣∣
µ=0
+O
(
µ4
T 4
)
, (2.4)
where derivatives with respect to µ are indicated with a prime (′). At the first order we find
G′(x) =
〈
g′(x)
〉
+
〈
g(x)
detM′
detM
〉
−
〈
detM′
detM
〉
〈g(x)〉 , (2.5)
1
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but it is easy to see that this contribution vanishes when evaluated at µ = 0, as is the case for the
O
(
µ3/T 3
)
contribution. At second order, a number of terms appear, which can be organised as
G′′(x) =
〈
g′′(x)
〉
+2
〈
detM′
detM
g′(x)
〉
−2
〈
detM′
detM
〉〈
g′(x)
〉
+
〈
detM′′
detM
g(x)
〉
−
〈
detM′′
detM
〉
〈g(x)〉 (2.6)
−2
(〈
detM′
detM
g(x)
〉
−
〈
detM′
detM
〉
〈g(x)〉
)〈
detM′
detM
〉
.
Here the first term 〈g′′〉 is the connected contribution, while all the remaining combinations con-
tain disconnected contributions, which vanish at asymptotically high temperature, due to asymp-
totic freedom. When evaluating G′′(x) at µ = 0, we note that the terms with 〈detM′/detM〉 =〈
trM−1M′
〉
vanish, since this quantity is proportional to the quark number density, which is iden-
tically zero at vanishing chemical potential.
In order to investigate what to expect at high temperature, we have evaluated the leading term
in perturbation theory, which amounts to the computation of 〈g′′(x)〉 for free quarks, extending the
setup in Ref. [9] to non-zero chemical potential. We consider vanishing external momentum. In
the continuum and for massless quarks, the µ2-correction may be written as
G′′H(τ)/T
∣∣∣
µ=0
=
Nc
pi2
[
a(1)H +a
(2)
H −
1
12
(
a(1)H −a(2)H
)
h(u)
]
, (2.7)
where the coefficients a(i)H depend on the channel [9] and
h(u) =
3u(pi2−u2−2)+u(pi2−u2+6)cos(2u)−2(pi2−3u2)sin(2u)
sin3(u)
, (2.8)
with u = 2piT (τ − 1/2T ), −pi < u < pi . Note that τ-dependence is contained in h(u) only and is
hence identical in all channels. We have also extended the calculation to free lattice fermions [9].
The resulting contributions are shown in Fig. 1 for continuum (left) and Wilson (right) fermions
on a 243× 16 lattice. The channels are denoted by the γ matrices appearing in the meson opera-
tor: ΓH = γ0 (00, density), γ5γ0 (5050, axial density), γi (ii/3, vector), γ5γi (5i5i/3, axial-vector), γ5
(PS, pseudoscalar), 11 (S, scalar). The (axial) densities are conserved in the free theory and hence
these correlators are independent of Euclidean time. The observed degeneracy for massless con-
tinuum quarks (left) is absent for Wilson fermions (right). Perhaps surprisingly, the second-order
corrections are well described by the following inverted (c1 < 0) one-cosh fit,
G′′(τ)/T = c0+ c1 cosh[c2(τT −1/2)], (2.9)
with c2 ∼ 7 (continuum) and c2 ∼ 7.4 (lattice), even though the exact τ-dependence in the contin-
uum is given by Eq. (2.8). These fits are shown on the Fig. 1 with dotted lines.
Finally, we note that since the corrections do not have a definite sign in all channels, the
inclusion of the O((µ/T )2) correction has a non-monotonic effect as a function of τ on the full
correlator, when the first two terms in the Taylor expansion are combined.
2
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Figure 1: Second-order correction G′′(τ)/T for free massless quarks in the continuum (left) and free Wilson
quarks on a 243×16 lattice (right). The dotted lines show the result from the fit (2.9), with c2 ∼ 7 (contin-
uum) and c2 ∼ 7.4 (lattice). Here “00” and “5050” mean temporal components of the vector and axial vector
currents respectively, “ii/3” and “5i5i/3” indicate averaged spatial components of the vector and axial vector
currents, and “PS” and “S” the pseudoscalar and scalar correlators.
3. Vector and axial-vector channels
We have evaluated the second-order correction to meson correlators on our FASTSUM [10]
Generation 2 ensembles. These are fixed-scale, anisotropic lattices, with an anisotropy of as/aτ =
3.5, N f = 2+1 Wilson-clover fermions, a pion mass of mpi = 384(4) MeV, and a physical strange
quark. Tuning and the ensemble at the lowest temperatures have been provided by HadSpec [11].
Details of the ensembles are given in Table 1 and a further discussion of the FASTSUM ensembles
can be found in Refs. [12–14]. We employ [15] a modification of openQCD [16], to include
anisotropy and stout-smearing, supplemented with a stand-alone spectroscopy code [17].
We have computed the second-order correction (2.6) in a variety of channels, here we present
results in the vector and axial-vector channels. We start by discussing the connected contribution
〈g′′(τ)〉 in Fig. 2, which can be computed with reasonable accuracy and is non-zero at all temper-
atures. At high temperatures, we note a similarity with the results obtained in the free theory (see
Fig. 1), which hence provide a useful benchmark. We find that the data at the higher temperatures
Nτ 128∗ 40 36 32 28 24 20 16
T [MeV] 44 141 156 176 201 235 281 352
T/Tc 0.24 0.76 0.84 0.95 1.09 1.27 1.52 1.90
Ncfg 139 501 501 1000 1001 1001 1000 1001
Table 1: Generation 2 ensembles, mpi = 384(4) MeV, lattice size 243×Nτ , spatial lattice spacing as =
0.1227(8) fm, temporal lattice spacing a−1τ = 5.63(4) GeV, anisotropy as/aτ = 3.5. The choice of parame-
ters and the ensemble at the lowest temperature are courtesy of the HadSpec collaboration [11].
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Figure 2: Connected contribution 〈g′′(τ)〉/T in the vector (left) and axial-vector (right) channel. The dashed
lines are fits according to Eq. (2.9).
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Figure 3: Disconnected contribution [G′′(τ)−〈g′′(τ)〉]/T in the vector (left) and axial-vector (right) chan-
nel.
can again be described by the ansatz (2.9), but with a slightly lower coefficient c2: 5.77(25) for the
vector and 5.62(48) for the axial-vector channel. These fits are shown by the dashed lines in Fig. 2.
The transition between the confined and deconfined phase is a crossover, with an estimation for
the pseudocritical temperature Tpc given by 181(1) MeV, when determined via the renormalised
chiral condensate [12], and 185(4), when the renormalised Polyakov loop is used [14]. We observe
that this transition is also visible in the connected second-order contribution, where at the lower
temperatures the data become nearly independent of τ , especially deep in the hadronic phase. We
observe that the transition is most pronounced in the axial-vector channel.
Next we show the disconnected contributions in the vector and axial-vector channels in Fig. 3.
These contributions are substantially noisier than the connected ones, and fluctuate close to zero.
Interestingly, the noise dominates at short times, rather than around τT = 12 . The disconnected
contributions are expected to vanish at very high temperature, due to asymptotic freedom, and at
very low temperature, where µ-dependence only arises due to interactions with baryons, which
4
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Figure 4: Vector (ρ-meson) correlator up to second-order in µ/T for various values of 0 ≤ µ ≤ 281 MeV,
at T = 156 (left) and 176 MeV (right).
is suppressed by the large baryon masses. Indeed, the indication of a non-zero signal is most
prominent just below Tpc, and at high temperatures these contributions are zero within the errorbars.
Finally, in Fig. 4 we show the complete correlator in the vector (ρ-meson) channel, combin-
ing the O(µ0) and all O(µ2) contributions, for six values of µ between 0 and 281 MeV at two
temperatures in the hadronic phase (recall that µ is the quark chemical potential). We observe a
reasonable signal, which is controlled by the smallness of µ/T . We also note a stronger µ depen-
dence at the lower temperature. Further analysis will allow us to estimate e.g. a µ-dependent mass
parameter and other spectral features, which yields the possibility to compare with effective model
approaches, see e.g. Ref. [18].
4. Conclusions
We have investigated correlators of light mesons, employing a Taylor expansion toO((µ/T )2),
where µ is the light quark chemical potential, using the FASTSUM anisotropic thermal ensem-
bles in the hadronic phase and the quark-gluon plasma. Focusing on the vector and axial-vector
channels, we found qualitative agreement with the non-interacting theory at high temperature.
The second-order correction in the axial-vector channel is especially sensitive to the confinement-
deconfinement transition. While in the deconfined phase the disconnected contributions are close
to zero, in the hadronic phase they are very noisy in most mesonic channels. Increasing the number
of noise vectors in the stochastic estimator does not appear to beneficial, and hence noise reduction
techniques for disconnected diagrams are needed to make further progress. Nevertheless, a rea-
sonable signal-to-noise ratio is obtained for the vector channel in the hadronic phase, allowing for
further studies of the role of a non-zero baryon density on the behaviour of mesons.
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